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1. Recently, Graef and Spikes [l] d’ rscussed the behavior of the non- 
oscillatory or Z-type solution of the equation 
(a(t) W) + b(t) @(t)) P(a)) = 4th (1) 
where a, b, d; [to, 00) + R, h, p; R --t R, a(t) > 0, b(t) > 0, $(x’(t)) > 0, and 
a, b, d, h, and p are continuous, and they gave conditions which ensure that every 
nonoscillatory or Z-type solution x(t) of (1) tends to zero as t 4 co. 
The purpose of this note is to prove a similar result for the following more 
general second-order nonlinear equation 
which when applied to (1) extends Graef and Spikes’s results. 
We consider only a solution x(t) of (2) which exists on some half-line [to , 00). 
A solution z(t) of (2) is said to be nonoscillatory if there exists t, (> t,) such that 
x(t) # 0 for t 2 t,; the solution will be called oscillatory if for any given t, 
(2 t,,) there exist t, and t, satisfying t, < t, < t, , x(t2) > 0 and x(tJ < 0; and 
it will be called a Z-type solution if it has arbitrarily large zeros but is ultimately 
nonnegative or nonpositive. 
The following conditions are always assumed to hold: 
a, b E CUP+. , R+l, R, = (0, 001, s m v-+44) = 00, to (3) 
c E CO[R+ , R, u {O)l, (4) 
d E C”[R, , RI, R = (-co, co), s 
= / d(t)1 dt < co, (5) 
to 
h E CO[R, R], 
P E CO[R, RI, 
fE C"[R RI, 
.g E C”[R+ , R+l, 
xh(x) > 0, h’(x) > 0 for .Y + 0, (6) 
p(x’(t)) > Pl > 0, (7) 
Yf(Y) > 07 f'(y) 3 0 fory # 0, (8) 
1,iimg(t) = 03. (9) 
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2. We shall prove the following theorems. 
THEOREM 1. In (2) let conditions (3~(9) be satisjed. AZso assume a(t) > 
a, > 0, b(t) 3 6, > 0, and 
I m b(t) dt = co, to jm c(t) dt = co to 
hold. If x(t) is a nonoscillatory or Z-type solution of (2), then lim,,, x(t) = 0. 
Proof. Often, when considering (2), it will be convenient to consider the 
equivalent system, 
x’ = (Y + j-1 4s) d+49, 
(11) 
Y’ = --b(t) 440) P(W) - c(t) f W(W 
Let x(t) be a nonoscillatory solution. Without loss of generality assume x(t) # 0 
on [to , 00). Suppose x(t) > 0 for t > t, > to . The case of x(t) < 0 is handled 
similarly. 
First it is shown that lim,,, inf x(t) = 0. Suppose not. Then there exist 
positive numbers m, M, and t, (3 tJ such that 
m < x(t), M < 4m for t > tz . 
This, together with (6) and (8), implies that 
h@(t)) > h, > 0, 0 <fW) ~ff(~kW) for t 3 t, . 
Thus 
r(t) - Y(G) = - j=: 44 h (4s)) PW)) ds - j-1 44 fW(4) ds 
G - h,P, 11 W ds - .WW [: 44 ds. 
(12) 
Letting t --f co in (12) and using (lo), we have 
limy(t) = --CO. 
Thus, for t >, t, 3 t, for some t3 sufficiently large, 
x’(t) = (r(t) + j-1 d(s) d++) < -l/W. 
Integrating from t, to t, we have 
x(t) < X(h) - j-1 (4’44> -+ --co 
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as t -+ co. This, however, is a contradiction and 
v+% inf x(t) = 0 (13) 
follows. 
From the above argument, we see also that we must have 
s O” b(t) h(x(t))p(x’(t)) dt < co I 
CF 
and ctt)fWttN) dt -=c ~0. (14) 
Now it follows from (11) that 
r’(t) = --b(t) &W) PWN - 4t)fMdt)N G 0 
if x(t) > 0, and so y(t) is bounded above as t + co. Thus, x’(t) < A/a, for 
some A > 0, x’(t) is bounded above as t + 00. If 
F+? sup x(t) = B > 0, 
then there are sequences {uII} and {TV} with Us < T, < un+r, x(u,J = B/3, 
~(7~) = 2B/3 and B/3 ,< x(t) < 2B/3 for un < t ,< T,, . As x’(t) is bounded 
above, there is an E > 0 such that 7, - un >, E and so 
I O3 b(t) ‘+tt)) p(W) dt 2 f Kb,p,c, 01 T&=1 
where K > 0 is chosen so that h(x(t)) > K for x(t) 3 B/3, which is a contra- 
diction since, as we see from the first part of the proof, the integral on the left 
must converge. 
Next, we consider the second part of (14). The proof follows the same lines 
as that of the above and is omitted. Hence Em,,, sup x(t) = 0. This completes 
the proof of the theorem. 
If x(t) is a nonnegative Z-type solution, then lim,,, inf x(t) = 0, and the 
preceding argument shows that lim,,, sup x(t) is also zero. The proof in the 
case x(t) ,< 0 is similar. 
Remark 1. Hammett [3] has discussed Theorem 1 in the case p(x’(t)) = 1 
and c(t) = 0. 
Remark 2. Grimmer [2] proved Theorem 1 for the case b(t) = 1, p(x’(t)) E 
x’(t) and g(t) E t without requiring condition (7). 
Remark 3. For c(t) = 0, Theorem 1 coincides with the Graef-Spikes 
theorem [l]. 
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THEOREM 2. Let conditions (3), (4), (6), (7), (S), and (9) hold and 
If x(t) is a nonoscillatory or Z-type solution of (2) then lim,,, x(t) = 0. 
Proof. I f  x(t) is a nonoscillatory or Z-type solution of (2) then x(t) is either 
nonnegative or nonpositive for t 3 t, > t, . From the first part of the proof 
of Theorem 1, it is clear that our hypotheses here imply that lim,,, inf i x(t)1 = 0, 
and hence, if x(t) is not eventually monotonic, that x(t) > 0 for t 3 f,  . The 
proof in the case x(t) < 0 for t 3 t, is similar. 
I f  lim,,, x(t) $r 0, then there exists K > 0 such that for any t, > t, there 
exists t, > t, with x(t.J > K. Choose t, > t, so that 
and choose t, > t, such that x’(tJ = 0 and x(t3) > k. From (2) we have 
x’(t) = (lMt>) ft [d(s) - W 44s)) PC+)) - 44 f H&)Nl ds. 
- f3 (16) 
Integrating again and then integrating by parts we have 
= +A + (j-1 $y) .c’ [d(s) - b(s) 44s)) P@‘(S)) - 44fG4&Nl ds 
3 
-J1:($J [d(w) - 4~) @(ON P(,x’(~)) - 4W)f (4dw)))l dw. 
Now if t, > t, is any zero of x’(t), then we can use the above expression for 
x’(t) to obtain that the first integral on the right-hand side vanishes and thus 
Hence x(t) is bounded below by K/2 at every zero of x’(t) for t > t, . Since x(t) 
is not eventually monotonic, it follows that x(t) is bounded below by K/2 for 
t 3 t3 , contradicting the fact that lim,_, inf x(t) = 0. 
Remark 4. Graef and Spikes [I] p roved Theorem 2 for the case c(t) EE 0. 
ASYMPTOTIC BEHAVIOR 485 
REFERENCES 
1. J. R. GRAEF AND P. SPIKES, Asymptotic behavior of solutions of a second-order nonlinear 
differential equation, J. DZqerentiaZ &uations 17 (1975), 461-476. 
2. R. GRIMMER, On nonoscillatory solutions of a nonlinear differential equation, PYOC. 
Amer. Math. Sot. 34 (1972), 118-120. 
3. M. E. HAMMETT, Nonoscillation properties of a nonlinear differential equation, PYOC. 
Amer. Math. Sot. 30 (1971), 92-96. 
Printed in Belgium 
